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A systematic method is presented for constructing maps of parameter regions with
qualitatively different bifurcation diagrams of the reverse-flow reactor (RFR). These
maps are most useful for the rational design and periodic operation of an RFR. The
method is illustrated by two examples. The map for a single, exothermic first-order
reaction contains five regions with qualitatively different bifurcation diagrams when the
Damkohler number is the bifurcation variable. The high-temperature branch is isolated
in two of these regions. The map for two independent, exothermic first-order reactions
contains seven regions with qualitatively different bifurcation diagrams when the adia-
batic temperature rise is the bifurcation parameter. Three stable periodic states exist for
some values of the bifurcation variable in five of the regions. In some of these regions
the intermediate state cannot be obtained upon a slow change in the concentration of
the reactants. In all the examples we studied, a stability exchange of the pseudohomoge-
neous model occurred only at the limit points of the bifurcation diagrams. An efficient
numerical scheme is presented for computing the loci of the singular points of the RFR

model.

Introduction

A reverse-flow reactor (RFR) is a packed-bed reactor in
which the flow direction is periodically reversed (Figure 1) to
trap a hot zone within the reactor. It is one of only two types
of periodic catalytic processes that have found technological
applications so far (the other one is a circulating fluidized
bed). The RFR concept was proposed and patented by Cot-
trell (1938) about 60 years ago. However, the recent applica-
tions and interest in the RFR have been motivated by its
successful application to SO, oxidation in Russia (Boreskov
et al., 1979; Boreskov and Matros, 1983). An independent
patent for application of a modified RFR to the reduction of
SO, was issued to Watson (1975). His design included inert
refractory ceramics ahead of and after the catalytic section.

An RFR offers clear advantages for certain processes. The
declining temperature profile in the downstream section of
an RFR increases the conversion of an exothermic, equilib-
rium-limited reaction over that attained in an adiabatic reac-
tor. In the destruction of dilute pollutants, an RFR avoids
the need of adding fuel to a dilute mixture in order to stabi-
lize the reaction zone, and it readily adjusts to variations in
the feed load and composition. An RFR offers an opportu-
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nity of simultaneously conducting the desired reactions in the
upstream section of the reactor while burning off deposited
coke in the downstream (DeGroote et al., 1995). A compre-
hensive, recent review of the applications and studies of the
RFR was presented by Matros and Bunimovich (1996).

The RFR operates under conditions for which multiple
(several) periodic states exist, that is, in addition to the extin-
guished (low-temperature) state, there exists at least one pe-
riodic state with a hot zone in the reactor. Chumakova and
Matros (1991) observed three periodic solutions for a single
exothermic reaction, whereas Ivanov et al. (1992) and Salinger
and Eigenberger (1996a,b) have shown that for two indepen-
dent, exothermic reactions, up to five periodic solutions may
exist for some parameters. Nieken et al. (1994) observed this
multiplicity during the simultaneous oxidation of propylene
and propane. The RFR usually leads to a symmetric
period—one operation, that is, spatial variable profiles at the
beginning and the end of one flow reversal are mirror images
of each other, whereas the profiles are identical at the begin-
ning and end of two flow reversals (=1 cycle).

The rational design and operation of the RFR requires ef-
ficient prediction of its performance. Rather simple predic-
tions may be obtained for the limiting cases of very short and
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Figure 1. Schematic of the RFR for one switching cycle
and of the temperature profiles at two consec-
utive flow switches.

infinitely long cycle periods (Matros, 1990; Eigenberger and
Nieken, 1988; Niecken et al.,, 1995, Somani et al., 1997). Dy-
namic simulations of the RFR are usually rather lengthy, as
the periodic states are attained only after several hundred
flow reversals. The computational effort can be considerably
reduced by the procedure proposed by Gupta and Bhatia
(1991) of directly calculating the periodic solutions by forcing
the temperature profiles at the beginning and end of a period
(half cycle) to be mirror images of each other. Thus, the set
of partial differential equations is solved as a spatial and
temporal boundary-value problem. This procedure signifi-
cantly reduces the computational effort and can determine
both the stable and unstable solutions.

In practice, it is important to know the impact of changes
in the operating conditions (parameters) on the various peri-
odic states. This information is usually presented in bifurca-
tion diagrams. Several investigators (Matros, 1990; Bhatia,
1991; Gupta and Bhatia, 1991; van de Beld and Westerterp,
1994; van de Beld, 1995) used numerical simulations to con-
struct bifurcation diagrams. Chumakova and Matros (1991)
used the catastrophe theory to find isolated branches in the
bifurcation diagrams of conversion vs. the superficial flow ve-
locity, using the limiting model of very short contact time to
compute the periodic states. Rehacek et al. (1992) used dy-
namic simulations to show that asymmetric and aperiodic
motions can be obtained using a two-phase model of a cooled
RFR.

Recently, Salinger and Eigenberger (1996a,b) used the
computational procedure proposed by Gupta and Bhatia
(1991) and a numerical continuation technique to track limit
points of a two-phase model. These loci were used to map
parameter regions with a different number of solutions for
either a single or two independent reactions. Using a Floquet
stability analysis, they found that for most sets of parameters
r +1 of the 2r + 1 periodic states were stable and symmetric.
However, their calculations confirmed the finding of complex
and aperiodic states by Rehacek et al. (1992) for a two-phase
model, which accounted for cooling of the gas phase.

The objective of this work is to present a systematic
methodology for generating global maps of parameter re-
gions with qualitatively different bifurcation diagrams of the
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RFR. These maps determine, among other things, the pa-
rameters for which isolated branches of periodic states exist,
and show when and how the qualitative features of the hys-
teresis loops change. This information is most useful for the
design and periodic operation of the RFR. The method is
applied to studying the behavior of an RFR in which either a
single or two parallel exothermic, first-order reactions occur.
Singularity theory with a distinguished parameter is applied
to the periodic solutions of a distributed parameter system,
and is used to determine the boundaries of the various re-
gions.

Mathematical Model Development

Matros and Bunimovich (1996) reviewed the various mod-
els used to simulate an RFR. We apply a one-dimensional
pseudohomogeneous model of an adiabatic RFR that ac-
counts for axial heat dispersion and external mass-transfer
resistance between the fluid and the catalyst. The model as-
sumes that all the physical properties are independent of the
temperature and concentration, and that the effective ther-
mal conductivity A satisfies the relation (Vortmeyer and
Schaefer, 1974)

Aegr = (1= €A, + Ay, (1)
where
u*( pc,)’
p’g
A, = ———— 2
& ha 2)

2

The first term in Eq. 1 accounts for the conductivity of the
solid phase, the second for the effective thermal dispersion
due to the heat transfer between the solid and the gas. This
model has been used recently by several authors (Eigen-
berger and Nieken, 1988; Matros, 1989; Haynes et al., 1992,
1995; Nieken et al., 1995) to simulate an RFR. Analysis of
the dynamic features of a packed-bed reactor (Pinjala et al.,
1988) showed that the predictions of this model and a two-
phase model are in general very similar when the tempera-
ture front moves in the downstream direction.

The dimensionless energy and species balances for two
parallel first-order reactions in the RFR are
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The f in Eqgs. 3 accounts for the flow direction and is equal

to 1 (—1) for flow from the left (right). The Gupta and Bha-

tia (1991) procedure used by us requires integration of Egs. 3

over one half cycle from t=0tot=¢,0orr=0to r=10.
We define

ZT=(0@—-1,x,x,) Pe"=(Pey, Pe, ,, Pe,,). (5)

The spatial boundary conditions at 7 = 0 are

Z_0 at £=0 %% ez at £=1, (6a)
(9§_ at £=0; ag—eza §—,'a

while those for 0 <7 <1 are

dz
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The temporal symmetric boundary conditions are
2(r=0,8)=z(r=1,1-§). @)

We write the three partial differential equations g7 =(g,, g,
g,) in vectorial form

glu, A, p)=0, ®

where u is a vector of the three state variables (@, x;, x,); A
is the bifurcation (distinguished) parameter and p denotes
the remaining set of parameters, which are independent of A.
The method proposed in this work uses formulas developed
by Golubitsky and Schaeffer (1985) for computation of the
derivatives of the branching equation directly from the origi-
nal set of equations. While the computation of limit points
(singular points of codimension 0) does not require the use of
this procedure (Salinger and Eigenberger, 1996a), it is the
most efficient one for calculating singularities of codimension
> 1 that are needed in the analysis presented here.
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In the next section we describe the mathematical tech-
niques used to construct the boundaries of regions with dif-
ferent bifurcation diagrams and to check the stability of the
solutions. Readers interested just in the results and not in
the details of the mathematical manipulations, may skip the
next section. A highly efficient numerical method for deter-
mining the loci of the various singular points of the model is
presented in the Appendix.

Prediction of Model Features

Bounding regions with qualitatively different bifurcation
diagrams

We define two bifurcation diagrams to be qualitatively simi-
lar when the number, order, and orientation of the solutions
u change in an identical way upon a continuous change in A.
We restrict the discussion here to cases in which g is a sin-
gle-valued function of « and is smooth (differentiable to all
orders) with respect to u and A within the feasible region.
Moreover, the branches of solutions neither intersect nor have
limit points on the # and A boundaries. All these conditions
are satisfied by the model of an RFR in which several first-
order reactions occur.

The boundaries of parameter regions with qualitatively
similar bifurcation diagrams may be determined by applica-
tion of the singularity theory with a distinguished parameter
developed by Golubitsky and Schaeffer (1985). They proved
that next to an organizing center (highest-order singularity)
the qualitative features of the local bifurcation diagram of
the universal unfolding of g(u, A, p) =0, which satisfies the
preceding conditions, may change only if the parameter set
crosses one of three hypersurfaces in the parameter space of
the unfolding parameters: hysteresis, double-limit, and isola
variety. The three varieties are of codimension 1, that is, vari-
ation of one parameter can generate all the qualitatively dif-
ferent bifurcation diagrams adjacent to these singular sur-
faces. Typically two limit points coalesce upon crossing the
hysteresis variety, while an isolated branch of solutions ap-
pears (or disappears) upon crossing the isola variety. Cross-
ing of either the hysteresis or isola variety typically changes
by two the number of limit points of the bifurcation dia-
grams. Crossing a double-limit variety typically changes the
relative positions of two limit points in the bifurcation dia-
grams. The bifurcation diagrams and their unfoldings corre-
sponding to each of these three codimension-1 varieties are
shown in Figure 2.

Uppal et al. (1976) used bifurcation analysis to map the
dynamic features of the CSTR. Balakotaiah and Luss (1984,
1988) used the three varieties to divide the global parameter
space of lumped reactor models into regions with qualita-
tively different bifurcation diagrams. For distributed reactor
models g(u,A,p)=0 is a boundary-value problem in one to
three spatial dimensions. Jensen and Ray (1982) classified the
bifurcation diagrams of a cooled tubular reactor by using dis-
cretization of the differential equations. The shooting tech-
nique was applied by Nielsen and Villadsen (1983, 1985),
Witmer et al. (1986), Balakotaiah et al. (1987), and Song et
al. (1990) to determine the multiplicity features of distributed
reactor models. Subramanian and Balakotaiah (1996) com-
bined an implicit Liapunov-Schmidt reduction with the shoot-
ing method to classify the steady-state and dynamic features
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Figure 2. Bifurcation diagrams (solid lines) and their
unfoldings (dashed lines) for a set of parame-
ters on the hysteresis, double limit, and isola
variety.

of various diffusion-convection-reaction problems, de-
scribed by a set of differential equations in one spatial di-
mension. Salinger and Eigenberger (1996a,b) used bifurca-
tion methods to compute singularities of codimension-0 (limit
points) of periodic solutions of PDEs. We apply here singu-
larity theory with a distinguished parameter to track codi-
mension-1 singular points of the periodic RFR operation in
order to map parameter regions with different bifurcation di-
agrams. The different boundaries of these regions, that is,
the hysteresis, double-limit, and isola varieties are calculated
by solving the model equations simultaneously with a set of
defining conditions (Subamanian and Balakotaiah, 1996) for
each singularity.
The hysteresis variety is defined by the set of conditions:

glu,A,p)=0 )]
Lv=D,g-v=0 (10)
L*y=0 (11)

(y, D2,g(v,0)) =0, (12)

where D,g-v and DZ2,g-(v,v) are the first and second
Fréchet derivatives of g; u is the vector of the state variables;
v and y are the eigenvector and adjoint eigenvector corre-
sponding to the zero eigenvalue of the linearized operator
D, g. Equation 12 defines the second derivative of the
branching equation, which has to vanish at the hysteresis va-
riety. Since the eigenvectors are defined except for a multi-

plicative constant, we choose eigenvectors of unity length,

n
Y vE=1 13)
i=1
The adjoint problem L*y may be determined by
{Lv, y>={v, L*y), 14)
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where the inner product of a real-valued n-dimensional vec-
tor function is defined by

<v’ y> ='/(‘)1 j(;l

The linearized operators Lv and L*y for the two-reaction
case are given in the Appendix.

When the state vector u consists of n elements, each of
Egs. 9, 10 and 11 is a set of n equations, whereas both Egs.
12 and 13 are single equations. The five conditions (Eqs. 9-13)
generate a set of 3n +2 equations that are solved simultane-
ously to determine the 3n variables (u, v, y) and two param-
eters (A, p;) on the hysteresis variety. The variety is con-
structed by continuation with respect to one additional pa-
rameter p, in p. The choice of the bifurcation parameter
and those that are held constant depends on the application.
When more than two limit points exist there may be different
types of hysteresis varieties. We denote a hysteresis variety to
be of type (i, j) if it is formed by the coalescence of limit
points i and j. The coalescence of two hysteresis varieties
forms a swallowtail.

The double-limit variety is the set of parameters for which
two separated limit points occur at the same value of the
bifurcation parameter, A. Therefore, this variety is defined by
the four conditions:

(v,y;) drdé. (15)
-0

{

g(ua’ A’p)=0 g(uBaA’p)=0 (163)

Lv,=0 Lyg=0. (16b)
The two different limit points are denoted by the subscripts
a and B. Normalization of the two eigenvectors leads to two

additional relations:
E vi =1. an

Each of the four conditions in Eq. (16) is a set of n partial
differential equations. Equation 17 defines two additional
conditions. These 4n +2 equations determine 4n variables
(u,, v,, ug, vg) and two parameters (A, p,) of a double-limit
point. The double-limit variety is computed by a continuation
technique that determines the dependence of the two param-
eters on one additional parameter in p. When more than two
distinct limit points exist for the same A, there are different
types of double-limit varieties. We denote a double-limit vari-
ety to be of type (i, j), if it is formed when limit points { and
j exist for the same value of the bifurcation variable. The
limit points are ordered corresponding to their occurrence on
the connected solution branch, beginning with the lowest limit
point.

The isola variety is defined by the conditions:

glu, A, p)=0 (18)
Lv=0 (19)
L*y=0 (20)

{y, D,g>=0. 1
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While any variable may be selected to be the bifurcation
variable, an isola variety exists only for some (or no) choice of
this variable. Two types of isola points exist. An isolated
branch appears at an elliptic isola point, while an isolated
branch coalesces with another branch at a hyperbolic isola
point. The conditions distinguishing between an elliptic and
hyperbolic isola points require the calculation of higher
derivatives of the branching equation (g,,, g,,) and are not
reported here. However, the varieties can be easily distin-
guished by inspection.

The three conditions (Egs. 18-20) generate 3n equations.
The normalization condition for the zero eigenvector v, Eq.
13, and the last condition (Eq. 21) are two additional equa-
tions. The 3n +2 equations determine 3n variables (u, v, y)
and two parameters (A and p,) on the isola variety. The vari-
ety is constructed by continuation with respect to a third pa-
rameter p,. The Fréchet derivatives of g with respect to the
distinguished variable A are given in the appendix.

Stability analysis

A periodic state is stable if the amplitude of a smail dis-
turbance decreases during subsequent cycles. In contrast, the
amplitude of an unstable periodic state increases from one
cycle to another. Eventually, the system converges to a pe-
riod—-n, quasi-periodic or chaotic state. The stability of peri-
odic states may be analyzed by Floquet theory (Iooss and
Joseph, 1990), that is, by computing the eigenvalues of the
monodromy matrix M. This method has been applied to vari-
ous systems in the chemical engineering literature showing
periodic states (Kevrekidis et al., 1986a,b; Gogolides et al.,
1992; Croft and LeVan, 1994a,b; Salinger and Eigenberger,
1996a,b). Since our system exhibits mirror symmetry before
and after one flow reversal we compute for each variable k&
in u=_(u, u,, u3)=(0, x,, x,) a block of the monodromy
matrix according to

G N r=1D—-uP¥ " r=1))
5’(1’) ’

m[k,l] = {mi,j} =

i,j=1,...,N, (22

where 87 is a small perturbation of the variable / at node
point j at the time 7 = 0; and 4$¥~" and u{¥ =9 are the per-
turbed and unperturbed values of the variable k at node point
(N —i). The superscript (N — i) in Eq. 22 reflects the symme-
try of the solution. The monodromy matrix is

mbl il plt3)
M= m2l pi22 23], (23)
mi3l 32 33

Floquet theory asserts that a periodic state is stable if all
eigenvalues of M (Floquet multipliers) are located within a
unit circle of the complex plane. The periodic orbit is unsta-
ble if the value of at least one of the Floquet multipliers ex-
ceeds this boundary.

Bifurcation Diagrams of the RFR

The periodic state of an RFR in which two paraliel,
exothermic, first-order reactions occur is described by Egs. 3
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and the boundary conditions (Eqs. 6 and 7). The single-reac-
tion case is a special situation of the preceding model. In the
Appendix we describe the derivation of the defining condi-
tions for these cases and the efficient numerical procedure
used to implement it. In the single-reaction case we use the
Da-number as the bifurcation parameter that may be aitered
by changing the flow velocity. In the two-reaction case we
choose the adiabatic temperature rise of component 1, B,
which may be manipulated by changing the feed concentra-
tion as the bifurcation variable. The different types of bifur-
cation diagrams are then mapped in a plane that consists of
at least one design parameter to enable assessment of both
design and operation variables.

Single reaction with Da as a bifurcation variable

We describe here the determination of the boundaries of
parameter regions with qualitatively different bifurcation dia-
grams of @, vs. Da for the single-reaction case. ®__, is the
maximum temperature that will occur in the reactor during
one cycle. Therefore, each point in the bifurcation diagram
corresponds to a certain (stable or unstable) periodic orbit.
In the simulations we used the following set of parameters
reported by Nieken and Eigenberger (1988) for the oxidation
of propane:

k.=1815x107{1/s];  E,/R=83286 [K];

k.=0.115[m/s). (24)

In all the simulations the inlet gas temperature is assumed
to be

T, = 323 [K]. (25)

We ignore the influence of the velocity on the interphase
mass-transfer coefficient and on the effective thermal con-
ductivity of the bed. These effects may, if desired, easily be
incorporated in the simulations. Some of the dimensionless
variables defined by Eq. 4 include the residence time or the
velocity, which affect the bifurcation variable, Da. These were
replaced by products of dimensionless groups that do not in-
clude the residence time or the velocity, that is, they are in-
dependent of Da. Specifically, we assume that

Le-Da=1073,
(26)

{+Da=10"°,  Pe,, ,/Pe,=116.0;

Figure 3 describes the hysteresis (denoted by dashed line
H) and isola (solid line) varieties in the plane of B (dimen-
sionless temperature rise) vs. the product Pe,- Da (measure
of reactor length). The varieties divide the plane into five
regions, each with qualitatively different bifurcation dia-
grams. The hyperbolic isola (I,) and the hysteresis (H) vari-
eties intersect tangentially at a pitchfork point, P, next to
which four regions with different bifurcation diagrams exist.

The bifurcation diagram in each region may be determined
either by computing it for one set of parameters, or from
knowledge of the pattern in one region and of the possible
transitions upon crossing a specific variety. For sufficiently
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Figure 3. Five regions in the B-Pe,- Da plane with qual-
itatively different bifurcation diagrams of 0,,,,
vs. Da (shown as insets) for an RFR in which
a single, exothermic, first-order reaction oc-
curs.

The solid lines denote an isola () variety; the dashed line a
hysteresis (H ) variety.

large values of the B and Pe,- Da, the bifurcation diagram of
O, vs. Da (case d in Figure 3) has two limit points. For
very small Da only the extinguished state exists. A rather high
temperature state exists for intermediate Da values.

Decreasing the value of B causes a transition either to re-
gion ¢, in which the bifurcation diagram has the shape of a
mushroom, or to region e, in which the bifurcation diagram
has the shape of an S plus an isola. A further decrease in 8
leads to region b, in which the bifurcation diagram consists
of a monotonic curve and an isola. Further decrease in 8
leads to crossing of the elliptic isola variety (1;) at which the
isola vanishes, generating a monotonic bifurcation diagram of
®,nax vs. Da (denoted by a in Figure 3). In this region a high
temperature zone is not trapped within the reactor, which
means that the RFR operation is not beneficial.

In all simulations a stability exchange was found only at
the limit points of the bifurcation diagrams, that is, at
saddle-node points. We did not find any stability bifurcation
similar to those found by Rehacek et al. (1992) for a two-phase
model of a cooled RFR with a large difference in the thermal
dispersion by the solid and gas phases. Bifurcation diagrams
a, b, d, and e were previously found by Chumakova and Ma-
tros (1991) by changing one parameter (reactor-length) of a
high-frequency flow-reversal model.

Two parallel reactions with B, as a bifurcation variable

We examine here the qualitatively different bifurcation di-
agrams of ®__ vs. B; for the two-reaction case. Preliminary
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calculations have shown that the parameters that have the
main impact on the reactor performance are the activation
energies of the two reactions vy,, y,, the two frequency fac-
tors k.., and k., ,, the relative adiabatic temperature rise of
component 1, Y, defined as

By

Y= 27)
B+ B, (

and the dimensionless cycle time, {. The Peclet number for
heat, Pe,, has only a moderate influence on the boundaries
of the various regions, and the Peclet number for mass trans-
port, Pe,, ;, has a negligible impact. Therefore, in all the cal-
culations we assumed that

Da;=6.36-107°

Pe,=200 and  Pe, =10

(28)

Additionally, the parameters given in Eqgs. 24 and 25 are left
unchanged (reaction 1). The calculations were conducted for
specified values of the dimensionless cycle time ¢ and the
ratio ¢, defined as

Daz Bz(@ = 1.6)

" Da, B(©=16)" 29

¢

Since the kinetic parameters of the first reaction were speci-
fied, having a constant ¢ ratio required adjusting the value
of the frequency factor k.., when the value of ¥, changed.

We present maps of regions with different types of bifurca-
tion diagrams in the plane of Y and vy,. In all the calcula-
tions only hysteresis and double-limit varieties were found,
that is, these bifurcation diagrams do not have any isolated
branches. Note, that isolas may also be found in this case by
choice of a different bifurcation parameter, such as Da, and
Da,.

Figure 4 is a typical map in the Y-y, plane of regions with
different bifurcation diagrams calculated for { = 0.2 and ¢ =
150. Three hysteresis varieties (12, 23 and 34) and three dou-
ble-limit varieties (13, 14, 24) divide the Y-y, plane into seven
regions with qualitatively different bifurcation diagrams. At
points S (Y =0.9976, y, = 22.296) in Figure 4 the two hys-
teresis varieties 12 and 23 intersect, causing limit points 1, 2,
and 3 to coalesce and form a swallowtail point. A second
swallowtail point may be formed by an intersection of hys-
teresis varieties 23 and 34 at high y, values. This intersection
did not occur within the investigated range of activation en-
ergy. The boundaries shown in Figure 4 are a projection of
the varieties from a three-dimensional space into a plane.
Thus, point Z is not an intersection of the two hysteresis
varieties 12 and 34, but is an intersection of the projections
of these two varieties. The bifurcation diagram at point Z
includes two hysteresis points and is rather different from
that at the swallowtail point S. The bifurcation diagrams at Z
and S are shown in Figure 4.

The three hysteresis varieties enclose a region in the Y-y,
plane within which the bifurcation diagrams of O, vs. B,
have four limit points. Crossing one of these three varieties
leads to region b, in which the bifurcation diagrams have only
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Figure 4. Regions in the y,-Y plane with seven qualita-
tively different bifurcation diagrams of O,,,,
vs. B, for an RFR in which two independent,
exothermic, first-order reactions occur; { =
0.2 and ¢ = 150.

The solid lines denote hysteresis varieties; the dashed lines
double-limit varieties.

two limit points, so that at most three solutions exist for any
B value. In region a, which exists for small Y and vy, values,
©,.. is a monotonic function of B;. Bifurcation diagrams
corresponding to regions @ and b are shown on the top of
Figure 4.

The (Y, vy,) region enclosed by the three hysteresis vari-
eties 12, 23 and 34 is divided into five subregions by the three
double-limit varieties. We denote a bifurcation diagram with
four limit points to be of type (i, j, k, [) if the ith limit point
exists for the smallest value of the bifurcation variable, the
jth limit point exists for the second smallest value, and the
Ith limit point for the largest value of the bifurcation vari-
able. Figure 5 shows the five possible types of bifurcation
diagrams having four limit points: 2413, 2431, 4231, 4213, and
2143.

For a bifurcation diagram, obtained in region 2413 of Fig-
ure 4, a slow increase of the bifurcation variable B;, which
may be changed by adjusting the feed concentration, causes a
shift from the extinguished to the intermediate state, fol-
lowed by a subsequent shift to the high-temperature state. A
slow decrease of B, leads to a stepwise reverse shift from the
high to the intermediate and then the low temperature state.
A similar stepwise ignition or extinction occurs for the bifur-
cation diagram that exists in region 2143. For bifurcation dia-
gram 4231 the intermediate branch cannot be reached either
by a slow increase or decrease of B;, and may be reached
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Figure 5. Bifurcation diagrams with four limit points
corresponding to the regions in Figure 4; the
solid (dashed) lines represent stable (unsta-
bie) periodic orbits.

only by a large perturbation of either the low- or high-tem-
perature state or by appropriate preheating of the reactor.
Without proper a-priori knowledge of its existence, this
branch of states can be easily missed in an experimental study
and lead later to unexpected surprises. For bifurcation dia-
grams of type 2431 a slow change of B8, enables a shift from
the high-temperature branch to the intermediate one, but not
from the low- to the intermediate-temperature branch. An
inverse situation occurs for bifurcation diagrams of type 4213.
Here, a shift from the extinguished to the intermediate state
may be accomplished by a slow increase of 8,, but a shift
from the ignited to the intermediate state by a slow decrease
of B, is not possible.

The dependence of the largest Floquet multiplier on 8, is
shown in Figure 6 for a typical case in each region of the
bifurcation map, Figure 4. In all the cases, the Floquet multi-
plier crossed unity only at the limit points of the bifurcation
diagrams, that is, a stability exchange occurred only at sad-
dle-node points. In region by, a sharp dip in the loci of the
Floquet multiplier occurred on the branch of unstable states.
In region b, the dip occurred on the branch of stable states.
The corresponding bifurcation diagrams had an inflection
point at the location of the dip.

Figure 7 describes the variation of B8, along the hysteresis
and double-limit varieties. While B, is rather constant along
hysteresis variety 34, its value changes over several orders of
magnitude along hysteresis variety 12. Similarly, the value of
B; is rather constant along the double-limit variety 24, but
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Figure 6. Characteristic muitipliers of the monodromy
matrix for typical cases in each of the regions
in Figure 4.

variety 24, but changes by two orders of magnitude along the
double-limit variety 13.

The maximum bed temperature and the maximum conver-
sion of component 1 along the hysteresis and double-limit
varieties are presented in Figure 8. The maximum tempera-
ture along the double-limit variety 24 exceeds those that can
be attained on any hysteresis variety. It is of interest to note
that the change in the maximum temperature or conversion
is much smoother than that of the varieties in Figure 4. For
example, the two hysteresis varieties 12 and 23 form a cusp at
the swallowtail point S in Figure 4. The two merge smoothly
at § in Figure 8. Similarly, the double-limit varieties 14 and
13 form a cusp at point T in the bifurcation map, but merge
smoothly at T in Figure 8. The maximum temperature along
the hysteresis variety (34), which passes through point T, is
rather independent of variation in the y, value.

Figure 9 is a bifurcation map computed for the same pa-
rameters as Figure 4, except for ¢ =20 instead of ¢ =150.
The smaller value of ¢ decreases the size of the (Y, vy,) re-
gion for which five perodic states exist. Further decrease of ¢
eventually leads to the disappearance of this region.

Discussion and Conclusions

The method presented here enables a systematic mapping
of regions of parameters with qualitatively different bifurca-
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Figure 7. Values of B,, the dimensionless adiabatic
temperature rise, on the hysteresis (solid
lines) and double-limit (dashed lines) vari-
eties of the bifurcation map, Figure 4.

The numbers denote the type of double limit and hysteresis
variety.

tion diagrams of the RFR. Knowledge of these regions and
the corresponding diagrams provides the reactor designer
with valuable guidance about the potential impact of a change
in an operating condition (runaway), the robustness of the
design, and indicates potential start-up and control problems.
For example, the existence of isolated branches of solutions,
such as those in regions b or e of Figure 3 (the single-reac-
tion case) indicates that a special start-up policy will be
needed to attain this high-temperature branch. Similarly, the
existence of a nested branch of periodic states such as those
in region 4231 of Figure 4 (the two-reaction case) requires a
special start-up procedure to reach the intermediate temper-
ature branch. In many two-reaction systems the intermediate
branch is the one with the highest yield of the desired prod-
uct. Knowledge of the shape of the bifurcation diagram en-
ables one to design proper start-up and control policies.

The examples presented here illustrate the rich and intri-
cate nature of bifurcation diagrams of the adiabatic RFR.
While an adiabatic CSTR has two types of bifurcation dia-
grams of temperature vs. Da, a monotonic dependence and
one with an S shape, the adiabatic RFR has five different
types. These five diagrams are similar to those obtained in a
cooled CSTR in which a first-order reaction with a high acti-
vation energy occurs and the coolant is kept at the feed tem-
perature (Balakotaiah and Luss, 1983). Numerical difficulties
prevented us from computing the varieties shown in Figure 3
for Pey,* Da values less than 4 x 10~3. However, the similarity
of the map to those obtained for a cooled CSTR and approxi-
mate numerical calculations strongly suggest that the two isola
branches form a cusp at lower values of Pe,* Da, while the
hysteresis variety extends to Pe,- Da = 0. Thus, a direct tran-
sition between bifurcation diagram type d (S-type multiplic-
ity) and a unique solution for all Damkohler numbers occurs
for all Pe,-Da smaller than that at the cusp formed by the
two isola branches.
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Figure 8. Maximum bed temperature (I) and reactant 1
conversion (Il) on the hysteresis (solid lines)
and double-limit (dashed lines) varieties of the
bifurcation map, Figure 4.

We show only the temperature and conversion at the higher
limit point of the double-limit variety. The numbers in I (II)
denote the type of double-limit (hysteresis) variety.

The finding of stability exchange only at limit points of the
bifurcation diagrams does not imply that other types of dy-
namic stability exchange cannot occur in the RFR. Our nu-
merical findings are restricted to the set of parameters used
in our simulations. Salinger and Eigenberger (1996b) re-
ported similar observations to ours. Rehacek et al. (1992) re-
ported the finding of period-n and aperiodic states for a
two-phase model of the RFR in which the gas phase is cooled.
The complex dynamics may be due to that cooling and /or the
large difference in the thermal conductivity of the gas and
solid phase.

The maps of the codimension-1 varieties are constructed in
a plane of two parameters. The existence of isolated branches
of solutions for the single-reaction case and their lack for the
two-reaction case is due to the use of different bifurcation
variables. Using Da as the bifurcation variable would lead to
isolated solutions in both the single- and two-reaction case.
Similarly, using B, as the bifurcation variable will generate
only connected branches of solutions in both cases. Qualita-
tively different maps of bifurcation diagrams may be found
when one either selects different values for the remaining
parameters in p, or constructs a map for another pair of pa-
rameters. The reason is that the universal unfolding of the
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Figure 9. Bifurcation map for the two reaction case; ex-
cept for ¢ =20, all the parameters are the
same as in Figure 4.

highest-order singular point of the RFR model usually con-
tains more than two parameters, so that all the regions of
different bifurcation diagrams cannot be found in a single
planar map. To determine all the feasible types of bifurcation
diagrams, one needs to find, by a numerical continuation
procedure, the highest-order singular point and then con-
struct its universal unfolding. This is a rather laborious nu-
merical task and will not be discussed here. For most practi-
cal applications in which many of the parameters are fixed
for a specific set of reactions and catalyst, bifurcation maps
of the type presented here provide all the needed design in-
formation.

The numerical procedure of combining a shooting method,
continuation techniques and Newton’s method with standard
Broyden-update was found to be very efficient for determin-
ing the loci of various singularities of the model.

The procedure used in this study to determine the differ-
ent types of bifurcation diagrams of the RFR can also be
applied to other periodic processes involving distributed pa-
rameter systems.

Acknowledgments

We gratefully acknowledge the financial support of the Austrian
Science Foundation (Grant No. J01173-TEC), the ACS-PRF, and the
computing time grants by the Pittsburgh Supercomputing Center and
by the Center for Advanced Molecular Computations at the Univer-
sity of Houston. We are most thankful to Prof. V. Balakotaiah for
many helpful discussions.

Notation

a, = specific surface area, m*/m>
B/(®) =temperature dependence of reaction rate

¢; =concentration of species i, mol/m3

¢, =heat capacity, J/(kg-K)

dY =correction vector of Newton step
D, ; =effective diffusion coefficient of species i, m*/s
Da; =Damkohler number of species i
E, ; =activation energy of species i, J/mol

S =vector of nonlinear residual equations
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h =heat-transfer coefficient, W/(K-m?)
— Ah; =heat of the reaction i, J/mol
k., =mass-transfer coefficient for species i, m/s
L =reactor length, m
Le = Lewis number, defined by Eq. 4
m =block of the monodromy matrix
N =number of node points in space direction
n =number of variables and equations
Pe =vector of Peclet numbers defined by Eq. 5
R =universal gas constant, J/(mol-K)
pc, =heat capacity, J/(m*-K)
r =number of reactions
¢ ==time, S
t. =time of one flow switch (half cycle time), s
T =temperature, K
AT,4 = adiabatic temperature rise, K
u =superficial gas velocity, m/s
x; =conversion of species i
z =axial coordinate, m
z =vector defined by Eq. 5
B; = dimensionless adibatic temperature rise, defined by Eq. 4
€ =bed voidage
p =density, kg/m>
A, =solid conductivity, W/(m-K)
A,y =effective conductivity accounting for heat transfer between
solid and gas defined by Eq. 2, W/(m-K)
O = dimensionless temperature, defined by Eq. 4
¢ =dimensionless reactor length

Subscripts and superscripts

0 =feed
ad = adiabatic
g =gas phase

k =number of actual Newton step
s =solid phase
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Appendix
Derivation of defining conditions

We describe here the defining conditions for the two-reac-
tion case described by the set of three Egs. 3 and the bound-
ary conditions (Egs. 6 and 7). The single-reaction case is a
special, simplified case of the two reactions.

The linearized operator Lv is

1ov, 1 9%, dv, 2 3B,
E?‘—ﬁ—h‘—05_2_4-_0—.?_izzlDaiBi[%Ul(l_unl)_BiUHl]
1 dv, 1 9%, du, B,

Lv= To o _—Pem,l ng +—¢9§ —Dal[—aO ul(l—uz)—Bluz]
1 du, 1 9%y dus 3B,
E?'Fm;3?+75‘D”2[%“1(1””3)"32”3]

The corresponding spatial boundary conditions at 7 =0 are

Y0 £=1, (A2a)

— at
3

0 ad P t
=0; ——=Pev a
¢ %
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The corresponding spatial boundary conditions at r = 0 are

o P 0 ay—zp =1
7 ey at ¢ P ey at ¢

(A5a)
while those for 0 <7 <1 are

ay
— =0 at

7% £=1. (ASb)

dy
——=Pey at

E=0; pr:

The corresponding temporal boundary conditions are

(A1)

[H @yl =0Ty, dg =0 (A6)
0

The second Fréchet derivative D2, g+ (v, v) is computed from
the equations:
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Condition 12 of the hysteresis singularity becomes

(y, D2g(v,v)) = [01 folyfg" drdé=0. (A8

For the determination of isola loci, the derivative of the
branching equation with respect to the bifurcation parameter
is required. The Fréchet derivative D,g with A= Da,, (Da,
=0), is

Ul”i+1]

(A7)

nique. This method required the smallest computational exe-
cution time and storage capacity.

In the shooting method, a boundary-value problem (BVP)
is integrated for a guessed initial value at boundary A4 until
the boundary conditions at the other end of the domain B
are satisfied. Thus, the BVP is transformed into a set of non-
linear algebraic equations, that is, the boundary conditions at
B, which may be solved by Newton’s method. When the solu-
tion is continued with respect to a parameter, it does not
change significantly between two continuation steps. There-

A9)

1 40 1 2
Da,{ 91 Da,Pe, 9¢° A B(0):(1=x))
De=a=i | 4y 1 o
Da, Le o m g B0 =)

Clearly, any parameter can be chosen as the bifurcation pa-
rameter, but it is not certain that an isolated branch exists.
Condition 21 becomes:

(y, D,g)= fo‘ /O‘yfgA drdé =0. (A10)

Since the zero eigenvector v of L is defined up to a multi-
plicative constant, the normalization condition 13 is intro-
duced. The value of the bifurcation parameter at a limit point
is defined by the zero eigenvector and the normalization con-
dition. The condition of the hysteresis variety (Eq. 12) re-
quires the zero eigenvector of the adjoint system L*. At a
limit point (and a hysteresis locus), both the linearized and
the adjoint problem, Lv and L*y, are singular and have a
zero eigenvector for the same set of parameters. Requiring
L*y =0 and normalizing y leads to a redundant equation,
because the zero eigenvalue is already determined by Ly = 0.
Since normalization of y is necessary in order not to con-
verge to the trivial solution y = 0, the nth equation of L*y =0
has to be omitted in computing the zero eigenvector of the
adjoint problem, in order not to overdetermine the linear sys-
tem. However, the omitted equation has to be satisfied, and
may be used as a check on the singular points.

Numerical procedure

The loci of the different singularities were determined by a
shooting method in combination with a continuation tech-
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fore, the Jacobian matrix needed for one Newton step can be
updated by Broyden’s method, which significantly decreases
the computation time. In contrast to the relaxation method, a
relatively small number of unknowns has to be solved and a
small Jacobian matrix is inverted. Another advantage of the
shooting method is that a standard solver for initial-value
problems with a predefined accuracy can be used.

Either space or the time dimension can be chosen as the
direction of shooting. The derivatives in the second direction
have to be discretized using traditional techniques. We used
shooting in the time direction, which enables easy computa-
tion of the monodromy matrix. The method of orthogonal
collocation on finite elements was used to discretize the spa-
tial coordinate using 50-80 node points on a symmetric grid
(Finlayson, 1980). The spatial first-order derivatives in the
mass balances were approximated by a backward difference
scheme to minimize oscillations due to large mass—Peclet
numbers without significant change in the profiles. The inte-
grals defining the various varieties were computed by Gauss-
ian quadrature. The extrapolation code LIMEX for implicit
differential-algebraic systems (Deuflhard et al., 1987) with a
relative tolerance of 5:10~7 was used to integrate the ordi-
nary differential equations.

After discretization of the spatial derivatives, the resulting
system has the form

84w, A, p)=0 (Alla)
8. (w,A,p)=0, (Al1b)
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where g, denotes the set of ordinary differential equations,
g, the additional algebraic equations that define the singular-
ities, and w the vector of the discrete state variables,

H L 1
w(r) =P, Wi wP, o wld w@®, L
j N
wi Wi WS WY wiN)), (A12)

where the superscript, j denotes the jth node point, and the
subscript i denotes the ith variable. This ordering results in a
banded Jacobian matrix with the smallest bandwidth. The IVP

aw
- = F(W,)\,P),

a7 (A13)

where F is a vector of nonlinear functions, is solved for the
guessed initial vector w(0). The numerical effort associated
with the time integration was minimized by analytically pro-
viding the banded Jacobian matrix of F in Eq. A13. The so-
lution vector at the end of the period, w(1), is a function of
w(0), that is,

w(1) = f(w(0), A, p) =w(1,w(0), A, p). (A14)

The required mirror symmetry of the spatial profiles before
and after a flow reversal give the time BCs

wi(0) - w1 (1,w(0), A, p)=0 i=1,..., M

(A15)

Equation Allb and Eq. Al5 form a set of nonlinear alge-
braic equations,
gw(0),A,p)=0, (A16)
which is solved simultancously for the variables w(0), A, and
one parameter p; of p.
A continuation technique was used to compute the loci of
the singularities as a function of a parameter (Seydel and
Hlavacek, 1987). If w is the solution vector at 7 =0 and p,

the continuation parameter in p, Eq. Al6 is augmented by
the single equation

s2—lw—wol?—(A- A)2=(p, “Pw)z—(Pz _Pz,o)2 =0,
(A17)

where s is the step size and the subscript 0 denotes the val-
ues at the previous step. The resulting nonlinear set of equa-
tions

fY)=0 (A18)

was solved numerically by a Newton-Raphson method, where
the correction of the kth iterate is

Ay =Jilny S B with d¥y =Yg =Yy,

(A19)
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where Y denotes the solution vector of the state variables at
each node point, and J is the Jacobian of Eq. A18, which
cannot be determined analytically.

The maximum number of state variables and node points
in our calculations was M =12 and N = 80, that is, not more
than N-M =960 equations. Thus, inverting of the Jacobian
matrix is by far less expensive than the numerical approxima-
tion of J, since the IVP has to be integrated in the time
direction N-M times. It is therefore advantageous to use
methods that update the Jacobian at every Newton step with-
out explicitly recomputing it. We used Broyden’s update

[(fk_fk—-l)_J[k_l]’dYk]'dYkT
ayl dy,

oy =Jpe-n t . (A20)

which requires only one function evaluation (Eq. A18) per
iteration step (Press et al., 1992). This procedure is even more
useful, when the update strategy is used in the continuation
procedure, as it is sufficient to compute a numerical approxi-
mation of the Jacobian matrix only for the first Newton step
of the first continuation step. For the following steps the ap-
proximated Jacobian of the preceding continuation step is
used. The convergence of one Broyden step, which can be
interpreted as a secant method, is lower than quadratic. Thus,
Broyden’s method requires approximately two to three times
more steps than Newton’s method. The main advantage of
Broyden’s method is that each step requires only one func-
tion evaluation, while Newton’s method requires N-M. If the
function evaluations are the time-consuming step in the com-
putation, Broyden’s method reduces the computation time
significantly.

The continuation step size, s, can be adjusted similarly to
the step-size control of an initial-value solver. Beginning with
an initial choice for s, a multiplicative factor determines the
step size for the next step, depending on the number of itera-
tion steps in the actual continuation step. In this work the
step-size control was adjusted such that six Broyden steps
were needed for convergence to the new solution. This en-
abled use of relatively large step sizes with a small number of
iteration steps.

In order to provide a good initial guess for the next contin-
uation step, the solution is extrapolated. A linear extrapola-
tion gave the best convergence:

(A21)

guess

s
Y, = Yo + — (¥, — Yyp)
So

Here the index 0 denotes the solution at the actual successful
step and 00 the solution of the preceding step. This proce-
dure enabled tracking of the solution even around sharp cusp
points.

We also tested the relaxation method used by Salinger and
Eigenberger (1996a,b) for the RFR. Here both the spatial
and temporal gradients were discretized with a finite-element
approach, and the resulting set of about 2Xx10* algebraic
equations was solved by Newton’s method. In this case, the
computation of the Jacobian matrix is inexpensive compared
to inversion of the Jacobian matrix, which has about 4x 108
entries. In order to invert this matrix, a frontal solver (Hood,

AIChE Journal



1976) was used, since the integral conditions destroy the
banded structure of the Jacobian. The method was stable and
showed excellent convergence. However, limitations on stor-
age capacity and execution time did not allow grid sizes of
more than 30 node points in time and 60 node points in space
direction, which may be too restrictive if steep temperature
profiles occur in the reactor.

For our specific problem the implementation described
earlier was approximately five times faster than the relax-
ation method and required limited memory due to the small
size of the global Jacobian matrix. Thus, the model problem
could be solved easily on a small desktop computer. Addi-
tionally, in the shooting method time integration can be per-
formed with any desired accuracy. If a higher spatial or tem-
poral resolution is required by the problem or if more vari-
ables occur in the system, our method becomes increasingly
faster compared to the relaxation method. Above a certain
number of node points and variables, the relaxation method
requires excessive computer time, since storage limitations
become critical even if a frontal method is used to prevent
uncontrolled writing of the core memory to the hard disk.
Convergence of both the numerical methods is similar.

The computation of the monodromy matrix can be imple-
mented easily by perturbing each variable. When we remove
the columns and rows of the Jacobian matrix concerning the

parameters and the integral conditions, we can use the rela-
tion

J=1-M (A22)
to get a new “high-quality” estimate of the Jacobian matrix.
Consequently, the computation of the monodromy matrix is
done at moderate additional effort.

In general, low-dimensional singularities provided an ade-
quate initial guess for computing higher dimensional singu-
larities, First, a bifurcation diagram was computed by contin-
uing Eq. 9 with respect to the distinguished parameter A. The
solution vector u at the approximate limit points was stored.
A limit point needs to satisfy Egs. 9 and 10. The approxima-
tion of u and an arbitrary guess of the eigenvector v led to
convergence to the exact limit points. Next, the loci of the
limit points were tracked as a function of another parameter
(p,) until one reached a cusp point. Again, the values of u
and v at the approximate hysteresis point and a guess of the
adjoint eigenvector y were used to determine the exact hys-
teresis point, which satisfies the four Eqs. 9-12. Elliptic and
hyperbolic isola points are found at an extremum point of the
the continued limit loci.
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